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ABSTRACT The SchulzFlory distribution is a mathematical function that describes

the relative ratios of polymers of diﬀerent length after a polymerization process, based
on their relative probabilities of occurrence. Carbon nanotubes (CNTs) are big carbon
molecules which have a very high length-to-diameter ratio, somewhat similar to
polymer molecules. Large amounts of ultralong CNTs have not been obtained although
they are highly desired. Here, we report that the SchulzFlory distribution can be
applied to describe the relative ratios of CNTs of diﬀerent lengths produced with a
ﬂoating chemical vapor deposition process, based on catalyst activity/deactivation
probability. With the optimized processing parameters, we successfully synthesized
550-mm-long CNTs, for which the catalyst deactivation probability of a single growth
step was ultralow. Our ﬁnding bridges the SchulzFlory distribution and the synthesis
of one-dimensional nanomaterials for the ﬁrst time, and sheds new light on the rational design of process toward controlled production of nanotubes/
nanowires.
KEYWORDS: carbon nanotubes . ultralong . chemical vapor deposition . SchulzFlory distribution . catalyst activity

T

he SchulzFlory (SF) distribution15
describes the relative ratios of linear
condensation polymers of diﬀerent
length after a kinetics-controlled polymerization process, where the monomers
are assumed to be equally reactive. The
SF distribution can be expressed as Px =
px‑1(1  p), where Px is the mole fraction of
polymers containing x segments (x-mers),
p is the probability that each monomer
reacts to link to the growing polymer chains,
and (1  p) is the probability that no linkage
exists. The form of this distribution implies
that shorter polymers are favored over longer ones. The SF distribution has been widely
accepted to study the distribution of linear
condensation polymers3,4 and even carbon
ﬁbers.6,7
Carbon nanotubes (CNTs), a typical onedimensional carbon molecule, are one of
the strongest materials ever known.810 The
extraordinary mechanical properties of
CNTs renders them promising candidates
for superstrong ﬁbers, ballistic armors, and
even space elevators.11 Mass production of
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CNTs with macroscopical length is the ﬁrst
step to realize their application. Gas-ﬂowdirected chemical vapor deposition on silicon substrates is the most eﬀective method
to prepare ultralong CNTs,1217 and signiﬁcant progress has been made in the synthesis of ultralong CNTs.13,18,19 However, the
reported longest CNT was only 20 cm,17
and the number density of ultralong
CNTs is usually lower than several CNTs
per 100 μm.12,13,1517,20 Besides, their number density decreases rapidly along the
axial directions (see Figure S1 in Supporting
Information).13,15,17,2123 Various interpretations were proposed for the growth mechanism of ultralong CNTs.14,20,24 However, it
remains a question why their number density
decreases so rapidly and how to synthesize
meter-long CNTs.
Theoretically, the growth of horizontally
aligned ultralong CNTs ﬁts with the prerequisites of SF distribution,2,3 which are (i)
the carbon source molecules having equal
activity, (ii) the polymerization being a kineticscontrolled process, and (iii) having stable
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RESULTS AND DISCUSSION
On the basis of SF distribution, the probability (p)
that each monomer reacts to link to the growing
polymer chains is the key issue determining the size
distribution of linear polymers. Similarly, we can deﬁne
the probability that each carbon dimer integrates into
the growing edge of CNTs. However, it cannot be
obtained directly due to the technical limitations and
it is not suitable to describe the length distribution of
CNTs based on carbon dimers. It is well-known that
catalysts play a key role in the growth of ultralong

CNTs. On the one hand, despite the diﬀerence between
factors such as catalyst,29 substrates,23,30 feedstock,17,31
gas velocity,14 temperature,12,18 etc., the common point
is that all of them have direct or indirect impact on
catalyst activity, which accordingly inﬂuences the
growth of CNTs. On the other hand, the growth of CNTs
only depends on whether the catalyst is active and
whether the carbon supply is suﬃcient. Thus, given
suﬃcient carbon supply, the growth of ultralong CNTs
can be explored from the viewpoint of catalyst activity.
Figure 1 panels a and b show the tip-growth of
ultralong CNTs with catalyst nanoparticles on their tips.
The as-grown CNTs are few-walled ones, such as singlewalled, double-walled, and triple-walled (Supporting
Information, Figure S3). It is a probability event
whether a catalyst keeps active during the CNT growth
(Figure 1a,c). We deﬁne R as the probability that
a catalyst particle keeps active enough to maintain a
CNT adding a unit length (we choose “1 mm” as a unit
length in the following text). Thus R can be called
catalyst activity probability, while (1  R) can be called
catalyst deactivation probability. Figure 1d shows the
growing speed of ultralong CNTs keeping constant,
indicating their growth is a kinetics-controlled process.
Thus we can take R as a constant. According to SF
distribution, the percentage (PL) of CNTs with length L
can be expressed as following (for details see Supporting Text S1):
PL ¼ R(L

 1)

(1  R)
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growth state. It has been widely accepted that the
growth of CNTs obeys a screw-dislocation-like
mechanism,2528 according to which the carbon dimers integrate repetitively into the growing edges of
the growing CNTs,25,28 forming a spiral linear carbon
“polymer” (Supporting Information, Figure S2). Wen17
and Marchand et al.26 have proven that the growth
speed of ultralong CNTs is constant at given conditions,
clearly indicating the growth of ultralong CNTs is a
kinetics-controlled process. Besides, no matter for
what kind of carbon sources, it is well understood that
all molecules of carbon source are equally reactive to
form CNTs.
Herein, we report that the growth of ultralong
CNTs can be well interpreted using SF distribution.
The size and number distribution of ultralong CNTs is
controlled by catalyst activity probability, and can
be expressed by SF distribution. The catalyst activity
probability plays a key role in the growth of ultralong CNTs and can be tuned by varying the growing
parameters. With the optimized conditions, halfmeter-long CNTs with perfect structures were available
through a process with an high catalyst activity
probability.

(1)

The CNT number density (dL) at the distance L from the
starting position of a substrate is deﬁned as the total
percentage of CNTs with length g L:
dL ¼

¥

∑L PL

¼ R(L-1)

(2)

Figure 1. Growth of ultralong CNTs. (a) Illustration of tip-growth of ultralong CNTs. (b) Atomic force microscopy (AFM) image
of a CNT with a catalyst nanoparticle on its tip. (c) Mosaic scanning electron microscopy (SEM) images of ultralong CNTs.
(d) Relationship between the average CNT length and their growth time. For CNTs with diﬀerent length on substrates, only the
longest 10 CNTs were taken into consideration for calculating growth speed. The average length of the 10 CNTs were taken as
the CNT length at a given growth time.
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Figure 2. Theoretical number distribution of ultralong CNTs. (a) Theoretical percentage of ultralong CNTs. (b) Theoretical
number density of ultralong CNTs.

Figure 3. Number distribution of ultralong CNTs. (a) Mosaic SEM images of as-grown ultralong CNTs. (b) Number distribution
of CNTs shown in panel a. (c) Number density of ultralong CNTs with four diﬀerent R. (d) Percentage of ultralong CNTs with
four diﬀerent R.

From eq 1 and 2, we obtain
R ¼ 1

PL
dL

(3)

Although it is diﬃcult to directly measure R, we can
obtain the value of R from the ratio of PL to dL
according to eq 3.
Deﬁne N0 as the total CNT number at the starting
position of a substrate, the total CNT number (N) at
position L and the CNT number (n) with length L can be
expressed as
N ¼ N0 R(L
n ¼ N0 R(L

 1)

 1)

(1  R)

(4)
(5)

The theoretical length distribution of ultralong CNTs
is shown in Figure 2. A low R indicates the growth can
be easily terminated, resulting in a low percentage of
very long CNTs (Figure 2a). No matter for what R, the
number density of ultralong CNTs decreases with their
length increase (Figure 2b). The higher the R is, the
ZHANG ET AL.

slower the number density decreasing rate is. It should
be noted that the length distribution of vertically
aligned CNT arrays cannot be interpreted by SF distribution (see Supporting Text S2).
Figure 3a is typical mosaic SEM images of ultralong
CNTs. The CNT number decreases along their axial
direction (Figure 3b). The statistical numbers of both
the total CNTs and the CNTs with a certain length ﬁt
well with the theoretical values. For the sample shown
in Figure 2a, N0 = 126, which means that there are
126 CNTs at L of 1 mm. On the basis of the unit length of
1 mm, we obtain R = 0.921. R can also be calculated
according to eq 3. It should be noted that this analysis
is based on statistics; consequently, a large CNT sampling number is highly required to demonstrate such
distribution. Figure 3 panels c and d show four diﬀerent
number density and relative percentage distributions
of ultralong CNTs (for similar distributions also see
Supporting Information, Figure S1). All the experimental results are in good accordance with the theoretical
values.
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Figure 4. Relationship between catalyst activity probability (R) and diﬀerent process parameters. (a) Relationship between
R and growth temperature. (b) Relationship between R and water content. (c) Relationship between R and H2/CH4 ratio.
(d) Relationship between R and gas velocity.

The catalyst activity is inﬂuenced by many factors,
such as catalyst composition, sizes, growth temperature, carbon feedstock, substrates, ﬂow ﬁeld, space
velocity, etc. The eﬀect of operation parameter on
catalyst activity were also explored. The growth temperature has a direct inﬂuence on catalyst activity
(Figure 4a). At low temperature, catalysts have a weak
activity, making the growth of ultralong CNT easily
terminated. With increasing temperature, the catalyst
activity improves accordingly. However, when the temperature is too high, the thermal cracking decomposition of carbon sources becomes rapid, and thus plenty
of amorphous carbon forms on the catalyst surface,
leading to decreased catalyst activity. The feedstock
also plays an important role in catalyst activity. Ethanol
and methane are the most widely employed carbon
sources for synthesizing ultralong CNTs. The purity
of feedstock should also be taken into consideration.
Besides, it has been proven that adding a trace amount
of water can signiﬁcantly improve the growth of ultralong CNTs because water can eﬀectively remove the
deposited amorphous carbon on catalysts.17 Water
concentration has a direct impact on catalyst activity
(Figure 4b). Low water concentration cannot eﬀectively
remove all the amorphous carbon deposited on the
catalysts, while too much water removes not only the
amorphous carbon but also other kinds of carbon thus
decreasing the carbon supply. In addition, the ratio of
H2 to CH4 also inﬂuences catalyst activity (Figure 4c).
The ratio of H2 to CH4 mainly aﬀects chemical
ZHANG ET AL.

equilibrium during CNT growth, which then aﬀects
the catalyst activity. In addition, gas velocity has
a direct relationship with the Renault number and
Richardson number of gas ﬂow,14 which inﬂuence the
ﬂoating of growing CNTs. With the synergistic eﬀects of
Renault number and Richardson number, gas velocity
has a complicated inﬂuence on R (Figure 4d). Besides,
the gas velocity also aﬀects the carbon feedings, especially when the gas velocity is very low. As for the
substrates, they mainly aﬀect the growth mode and
the interaction between substrates and catalysts. It has
been proven that silicon substrates are eﬀective for
the tip-growth mode of ultralong CNTs,13,15,16,21 while
quartz or sapphire substrates usually lead to the basegrowth mode of CNTs.30,32 Ultralong CNTs with diﬀerent length distribution were obtained by varying these
growth conditions (Supporting Information, Figure S4).
Besides, a furnace with a long enough constant temperature zone must be used to enable the continuous
growth of long CNTs. We proposed a “furnace-moving”
method to obtain an ultralong heating zone (Supporting
Information, Figure S5).
For synthesizing ultralong CNTs with high number
density and length, the key is to improve the R value
to be as high as possible. Figure 2a shows that even
when R = 0.9/mm, the percentage of CNTs with
length over 50 mm is only 0.001. Thus, to synthesis
ultralong CNTs with length over 100 mm, R should
be improved as high as possible. With the optimized
growing windows and the furnace-moving method,
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Figure 5. Synthesis and properties of 550-mm-long CNTs. (a) SEM image of 550 mm long CNTs. (b) Number of CNTs at
diﬀerent length on the substrate. Inset: TEM images of as-grown CNTs. (c) Raman spectrum of as-grown CNTs. (d) Mechanical
properties of as-grown CNTs.

CNTs with length up to 550-mm were synthesized
(Figure 5a). In this process, R was up to 0.995
(Figure 5b). For a single-walled CNT with diameter
of 1 nm, Rmm = 0.995 means the catalyst deactivation probability for adding one carbon dimer is only
8.35  10 11 (see Supporting Text S3). This implies
the feedstock has a very high purity. The ultralow
catalyst deactivation also renders the as-grown
ultralong CNTs as having perfect structures (inset in
Figure 5b). There is no visible D-band (∼1350 cm1) in
the Raman spectrum of as-grown CNTs (Figure 5c),
clearly showing their perfect structures. In addition,
we also measured their mechanical properties using
a “gas-ﬂow” method reported before.8 As shown in
Figure 5d, the tensile stress of a CNT was up to 120 GPa

MATERIALS AND METHODS
Synthesis of Ultralong CNTs with Different Conditions. The substrates were silicon slices (510 cm long, 0.51 cm wide, and
0.5 mm thick) with a 500 nm thick SiO2 layer. The growth of
CNTs was conducted in a quartz tube (inner diamter: 31 mm).
FeCl3 ethanol solution (0.0010.1 mol 3 L1) was used as catalyst
precursor and deposited onto substrates by a microprinting
method. After reduction in H2 and Ar (VH2:VAr = 2:1; Ftotal =
150 sccm) at 910 C for 15 min, the temperature was increased
from 910 C to 9701050 C in three minutes. Then CH4 and H2
(VCH4:VH2 =1:1.51:2.5; Ftotal = 50200 sccm, with 00.7% H2O)
were inleted into the reactor for the growth of CNTs. The growth
time was in the range of 10120 min.
Measurement of CNT Growth Speed. The CNTs were synthesized
with different growth time, for example, 5 min, 10 min, 15 min,
20 min, etc.. For CNTs with different length on substrates, only
the longest 10 CNTs were taken into consideration for calculating growth speed. The average length of the 10 CNTs were
taken as the CNT length at a given growth time.
Synthesis of 550 mm Long CNTs. The synthesis of 550 mm long
CNTs was conducted in a furnace with a heating zone of 35 cm. The
procedures were similar to the above: T = 1010 C, v = 1.58 mm s1,
ccat = 0.5 mol L1, wH2O = 0.4%, and RH2/CH4 = 2. The furnace was
fixed with four wheels on two parallel tracks. A motor was fixed to
make the furnace move at a given speed. The growth speed of
ultralong CNTs was about 5 mm/s, so the moving speed of the
furnace was also set to 5 mm s1. After the introduction of CH4 and
H2 into the quartz tube at 1010 C, the motor was turned on and
the furnace started to move. The growth duration was 2 h.
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and the breaking strain was up to 15%; both of the
values reached theoretical values.
CONCLUSIONS
We report that SF distribution could well interpret the
length distribution of ultralong CNTs. SF distribution
implies that shorter CNTs are favored over longer ones.
All the factors aﬀecting the growth of ultralong CNTs
could be integrated into catalyst activity probability.
High catalyst activity probability will lead to long CNTs
with high number density. By optimizing the growing
parameters and applying a “furnace-moving” method,
550 mm-long CNTs with perfect structures were synthesized. This study shed new light on the understanding
and rational design of growth process of ultralong CNTs.
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